CS112 (Fall 2018) Extra Credit Homework 6
Propositional Dynamic Logic
Due November 20, 2018

Note: This problem set is optional. If you do this problem set and do well on it, you will
receive extra credit. If not, it will have no impact on your grade.

1. Recall that in dynamic logic, each program « is interpreted as a relation R, and operations
on programs are interpreted as operations on relations (composition ; or o, union U, and
iteration *). Below are some facts about these operations:

R? = I (where I is the identity relation)

Rl =R'oR

Qo(RoS)=(QoR)oS (composition of relations is associative)

Ro (U; Qi) = U;(R o Q;) (composition of relations distributes over union)
(U; Qi) o R = J;(Q; o R) (ditto)
R*=TURU(RoR)U..UR"U...=,>o R"

IoR=R=Rol

Show the following;:

(a) R"o R™ = R"™™ for n,m > 0 (hint: use induction on m)
(b) RoR*=R*oR
(c) Ro(QoR)*=(RoQ)*oR
(hint: use induction to show that Ro (Q o R)" = (Ro Q)" o R for n > 0)
(d) R*=TU(RoR*)

2. Encode the following two programs in PDL:

while ¢ do «; if @1 then «;
while ¢5 do 8 while ¢1 V ¢2 do
if @2 then 3 else



3. Let M be the following model:
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Let a = if p then aa else a.

(a) Does the formula (a)p hold throughout M? Justify your answer.
(b) Does the formula [a]p hold throughout M? Justify your answer.

4. For the following pair of formulas, find a model and a world in it which distinguishes them:

[(aUB)*]p and [a*]p A [B*]p



